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Ultrasound velocity measurements of cubic spinel GeCo2O4 in single crystal were performed for the inves-
tigation of shear and compression moduli. The shear moduli in the paramagnetic state reveal the absence of
Jahn-Teller activity despite the presence of orbital degeneracy in the Co2+ ions. Such a Jahn-Teller inactivity
indicates that the intersite orbital-orbital interaction is much stronger than the Jahn-Teller coupling. The
compression moduli in the paramagnetic state near the Néel temperature TN reveal that the most relevant
exchange path for the antiferromagnetic transition lies in the �111� direction. This exchange-path anisotropy is
consistent with the antiferromagnetic structure with the wave vector q � �111�, suggesting the presence of bond
frustration due to competition among a direct ferromagnetic interaction and several distant-neighbor antifer-
romagnetic interactions. In the Jahn-Teller-inactive condition, the bond frustration can be induced by geometri-
cal orbital frustration of t2g-t2g interaction between the Co2+ ions, which can be realized in the pyrochlore
lattice of the high-spin Co2+ with t2g-orbital degeneracy. In GeCo2O4, the tetragonal elongation below TN

releases the orbital frustration by quenching the orbital degeneracy.
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I. INTRODUCTION

Frustrated magnet systems have been a topical subject for
more than a decade in condensed-matter physics. Experi-
mental and theoretical studies of geometrical spin frustration
have revealed a variety of novel ground states such as spin
ice and spin liquid states.1 In addition to the spin degrees of
freedom, the orbital degrees of freedom in d electrons of the
transition-metal ions can expand variations of the frustration
effect and the exotic ground state. The cubic spinel structure
AB2O4 provides a fertile field for the orbital physics in the
highly magnetically frustrated network. In the spinels, the
roles of the orbital sector analogous to the spin sector are
under active discussions. Very recently, for instance, the pos-
sibilities of orbital ordering,2–4 orbital liquid state,5,6 and or-
bital glassy state7 have been studied extensively.

The B-site sublattice of corner sharing tetrahedra in the
spinels AB2O4, the so-called pyrochlore lattice, forms the
most highly frustrated network. Thus the spinel structure
with Jahn-Teller �JT� ions on the B sites is the most suitable
system in which to explore the frustration effects due to the
interplay of the spin and the orbital degrees of freedom. The
germanium-based spinel compound GeCo2O4 consists of
magnetic Co2+�3d7� ions on the octahedral B sites with non-
magnetic Ge4+ ions on the tetrahedral A sites. The B-site
Co2+ ions form the pyrochlore network as illustrated in Fig.
1�a�. In GeCo2O4, an antiferromagnetic �AF� transition oc-
curs at the Néel temperature TN=23.0 K accompanied with a
cubic-to-tetragonal structural elongation.8–10 Magnetic sus-
ceptibility in the paramagnetic state, on the other hand, ex-
hibits a Curie-Weiss behavior with the positive Weiss tem-
perature �W=81.0 K indicating the dominant contribution
of the ferromagnetic �FM� interactions.9 Recent experimental
results of neutron powder diffraction suggest the presence of
bond frustration due to competition among several FM and
AF interactions in the AF state.11

In GeCo2O4, the Co2+ ion on the octahedral B site should
exhibit orbital degeneracy regardless of the configuration of
the 3d7 electrons in the octahedral crystal field. The possible
high-spin and low-spin states of the Co2+�3d7� in the octahe-
dral crystal field are depicted in Figs. 1�b� and 1�c�, respec-
tively. There exists threefold degeneracy of t2g orbitals in the
high-spin state �Fig. 1�b��, while twofold degeneracy of eg
orbitals exists in the low-spin state �Fig. 1�c��. We can ex-
pect, therefore, that the orbital degrees of freedom play sig-
nificant roles in the magnetism of GeCo2O4. Although the
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FIG. 1. �Color online� �a� Pyrochlore lattice of the B-site Co2+

ions in cubic spinel GeCo2O4. Octahedral O2− ligands surrounding
a B-site Co2+ ion are also illustrated. �b� High-spin state and �c�
low-spin state of Co2+�3d7� in the octahedral crystal field.
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small frustration factor f = ��W /TN��3.5 rules out the possi-
bility of the simple geometrical spin frustration in this com-
pound, it is worthwhile to explore another kind of frustration
due to the interplay of the spin and the orbital degrees of
freedom. Orbital physics in GeCo2O4, however, has not yet
been studied both experimentally and theoretically.

In this paper, we present ultrasound velocity measure-
ments in GeCo2O4 single crystals in shear and compression
moduli which provide angle-resolved information of the
elastic properties. Ultrasound velocity is a powerful tool
for the study of orbital physics because electric quadrupole
moments of JT ions strongly couple to the lattice
deformations.12–15 In addition, since ultrasound wave modu-
lates the distance between magnetic ions, ultrasound velocity
is also a directional probe of the anisotropy of exchange
interactions acting on the magnetic phase transition.16 The
present study discusses orbital state, spin state, and possible
magnetic frustration in GeCo2O4 from the elastic properties.

II. EXPERIMENT

Large single crystals of GeCo2O4 were grown by the
floating zone method. Details of the crystal growth are de-
scribed elsewhere.17 The Néel temperature TN and the Weiss
temperature �W of the single crystals applied for the present
study were determined by the magnetic susceptibility mea-
sured by a superconducting quantum interference device
�SQUID� magnetometer. Figure 2 depicts the temperature
dependence of the inverse magnetic susceptibility with
�0H=1 T. The antiferromagnetic transition occurs at TN
=20.6 K, and a linear fit to the experimental data above 160
K yields the Weiss temperature �W=41.0 K, leading to the
small frustration factor f = ��W /TN��1.99. The discrepancy
in �W between the present study ��W=41.0 K� and Ref. 9
��W=81.0 K� would be attributed to the difference between
the temperature ranges of the linear fitting: 160 K�T

�300 K in the present study and 300 K�T�800 K in
Ref. 9. In fact, �W in Ref. 8, determined by fitting in the
temperature range 160 K�T�300 K, is �W=47.6 K,
which is comparable to the present study. Extension of the
fitting range to higher temperatures in the present single
crystals would yield a more reliable and higher �W.

For the ultrasound measurements, the crystal was cut into
cuboid shape with dimensions of 3.6�3.5�2.6 mm3. Mir-
ror surfaces of the sample were prepared by careful polishing
using the 1 �m diamond slurry because the ultrasound mea-
surements are quite sensitive to the roughness of the sample
surface. The ultrasound velocity measurements were per-
formed by a home-built apparatus with phase comparison
technique. This apparatus can measure the relative change in
the ultrasound velocities with high resolution of about 1
ppm. For the generation and the detection of ultrasounds, we
used LiNbO3 transducers with fundamental frequency of 30
MHz. The transducers were glued on the parallel mirror sur-
faces of the sample by silicone adhesive. Ultrasound veloci-
ties were measured in the temperature range from 2 to 100 K
with the magnetic field from 0 to 7 T.

The ultrasound velocities were measured in five different
ultrasound modes in a GeCo2O4 single crystal. Table I sum-
marizes the ultrasound modes and the corresponding propa-
gation direction k, polarization direction u, and elastic modu-
lus investigated in the present study. In the crystal structure
with the cubic symmetry, there are three elastic moduli
which are symmetrically independent: C11, C12, and C44. We
measured transverse ultrasound velocities in tetragonal shear
modulus

�C11−C12�
2 with �3�Eg� symmetry and trigonal shear

modulus C44 with �5�T2g� symmetry. Longitudinal ultra-
sound velocities were measured in three compression moduli
with the different directions of k �u� along �100�, �110�, and
�111� directions. Motivations of the measurements of the
transverse and the longitudinal ultrasound velocities are de-
scribed with their experimental results in Secs. III A and
III B, respectively.

III. RESULTS AND DISCUSSION

A. Shear moduli

First we investigate the JT activity in GeCo2O4, focusing
on the orbital degrees of freedom. As depicted in Figs. 1�b�
and 1�c�, the Co2+�3d7� on the octahedral B site contains the
orbital degrees of freedom regardless of the spin state:
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FIG. 2. �Color online� Inverse magnetic susceptibility as a func-
tion of temperature with �0H=1 T. Inset shows the temperature
dependence of the magnetic susceptibility with �0H=1 T.

TABLE I. Ultrasound modes investigated in this study and the
corresponding sound propagation direction k, polarization u, and
elastic modulus in cubic symmetry.

Ultrasound mode k u Elastic modulus

Transverse wave 1 �001� �110� C44

Transverse wave 2 �110� �11̄0� C11−C12 / 2

Longitudinal wave 1 �100� �100� C11

Longitudinal wave 2 �110� �110� C11+C12+2C44 / 2

Longitudinal wave 3 �111� �111� C11+2C12+C44 / 2
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threefold-degenerate t2g orbitals in the high-spin state �S
=3 /2� and twofold-degenerate eg orbitals in the low-spin
state �S=1 /2�. If the cubic-to-tetragonal structural transition
at TN in GeCo2O4 originates from the cooperative JT effect,
the tetragonal shear modulus

�C11−C12�
2 with �3�Eg� symmetry

strongly and selectively couples to the Co2+ ions via the
quadrupole-strain interaction, written as14,15,18

HQS = − �
i

g�3
O2

2�i��v. �1�

Here g�3
is the coupling constant; O2

2�i�= lx
2− ly

2 is the quad-
rupole operator of the ith site expressed by the components
of the angular momentum, lx and ly; and �v=�xx−�yy is the
elastic strain. Thus

�C11−C12�
2 corresponds to the elastic mode

for the verification of JT activity in GeCo2O4. Taking into
account the intersite quadrupole-quadrupole interaction, the
quadrupole-strain interaction in Eq. �1� leads to the tempera-
ture dependence of the JT-active elastic modulus C�3

=
C11−C12

2 in the cubic phase T�TN, written as13–15

C�3
= C�3

0 T − �� + EJT�
T − �

, �2�

with C�3

0 as the elastic constant without JT effect, � as the
intersite orbital-orbital �quadrupole-quadrupole� interaction,
and EJT as the JT coupling energy. In the scenario of the
cooperative JT effect, it is expected from Eq. �2� that in
GeCo2O4,

C11−C12

2 exhibits a precursor to the structural phase
transition: a huge softening with decreasing temperature in
the wide temperature range of T�TN.12–15

Figure 3 depicts the temperature dependence of the trans-
verse ultrasound velocity vt in

�C11−C12�
2 in zero magnetic field.

In the paramagnetic state,
�C11−C12�

2 exhibits ordinary harden-
ing with decreasing temperature, instead of the softening ex-
pected from the JT effect. In GeCo2O4, the orbital-orbital
interaction and the JT coupling should be present due to the
orbital degeneracy of Co2+ as depicted in Figs. 1�b� and 1�c�:
��0 and EJT�0 in Eq. �2�. Thus the observed elastic prop-
erty of

�C11−C12�
2 in the paramagnetic state reveals that the JT

coupling is negligibly weak compared to the orbital-orbital
interaction, ��EJT�0 in Eq. �2�, where the elasticity be-
haves like C��C�

0 . In the vicinity of TN, a diplike anomaly
is seen due to the phase transition. In the AF state, the elas-
ticity steeply hardens below 	6 K down to the lowest tem-
perature. As will be described below in conjunction with Fig.
5, this might be attributed to the relaxation of the stress on
the magnetic domain walls.

The relative change in the trigonal shear modulus C44 as a
function of temperature in zero magnetic field is presented in
Fig. 4 compared on the same scale with the result of

�C11−C12�
2

shown in Fig. 3. Similar to
�C11−C12�

2 , C44 exhibits a diplike
anomaly of �vt /vt	0.2% in the vicinity of TN. Figures 5�a�
and 5�b� show the relative shifts of

�C11−C12�
2 and C44, respec-

tively, with magnetic fields H � �110� as a function of tem-
perature. The diplike anomalies in both

�C11−C12�
2 and C44 shift
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FIG. 3. �Color online� The transverse ultrasound velocity vt in

tetragonal shear modulus
�C11−C12�

2 as a function of temperature with
H=0. Inset picture shows schematic of the tetragonal lattice defor-

mation in
�C11−C12�

2 �Eg symmetry�.

∆v
t/

v t

50403020100

T [K]

C44 (T2g)

1 %

H = 0

C11-C12

2
(Eg)

FIG. 4. �Color online� Relative change in the transverse ultra-

sound velocity vt with H=0 as a function of temperature in
�C11−C12�

2
�Eg symmetry� and C44 �T2g symmetry�. For clarity, the zero levels
of the different curves are vertically shifted.

3020100
T [K]

C44
(b) H = 0

1 T

3 T

5 T

7 T
H||[110]

3020100
T [K]

∆v
t/

v t

1 T
3 T

5 T

7 T

H = 0

H||[110]

C11-C12

2
(a)

1 %
0.2 %

FIG. 5. �Color online� Relative shift of the transverse ultrasound
velocity vt with magnetic field H � �110� as a function of tempera-

ture in �a�
C11−C12

2 and �b� C44. For clarity, the zero levels of the
different curves are vertically shifted.

JAHN-TELLER INACTIVITY AND MAGNETIC… PHYSICAL REVIEW B 78, 094420 �2008�

094420-3



to lower temperatures with increasing H following the reduc-
tion in TN. This correspondence indicates that the diplike
elastic anomalies are relevant to the AF transition. Such an
elastic anomaly is attributed to the magnetoelastic coupling
acting on the exchange interactions.16 In this mechanism, the
exchange striction arises from a modulation of the exchange
interactions by ultrasound as follows:

Hexs = �
ij

�J�� + ui − uj� − J����Si · Sj. �3�

Here �=Ri−Rj is the distance between two magnetic ions,
and ui is the displacement vector for the ion Ri.

In Figs. 4 and 5�b�, a salient anomaly in C44 is the 	1.5%
steep softening from 	30 K down to TN. As shown in Fig.
5�b�, this softening shifts to lower temperatures with increas-
ing H following the reduction in TN, indicative of the rel-
evance of this anomaly to the AF transition. Thus this elastic
anomaly is also attributed to the exchange-striction effect in
Eq. �3�. Such an elastic instability observed only in C44 sug-
gests, with its absence in

C11−C12

2 , the presence of highly an-
isotropic magnetic fluctuations in GeCo2O4. This
C44-selective anomaly is in accordance with the results of
neutron-scattering experiments, suggesting the presence of
two-dimensional magnetic fluctuations from 	25 K down
to TN.19

Here, we would also like to comment on the elasticities in
the AF state shown in Fig. 5, although the tetragonal distor-
tion of the crystal in the AF state transforms the elastic sym-
metry. In the AF state without H or with low H less than 1 T,
C44 shown in Fig. 5�b� exhibits weak temperature depen-
dence with loose hardening from just below TN down to
	8 K, at which the magnitude of the detected ultrasound is
extremely attenuated. C44 with H higher than 1 T, in contrast,
promptly hardens below TN with moderate attenuation of the
ultrasound. These H-dependent elasticities in the AF state
would be attributed to the stress effect on the magnetic do-
main walls.20 Magnetization of the sample into a single do-
main state with H can recover the elasticity and the magni-
tude of the ultrasound as observed in the present
experiments. The enhancement of the ultrasound attenuation
in the AF state with low H less than 1 T is also observed in
�C11−C12�

2 but is not so large compared to C44. In Figs. 5�a� and
5�b�,

�C11−C12�
2 and C44 in H=0 �for

�C11−C12�
2 , also in �0H

=1 T� harden steeply below 	6 K down to the lowest tem-
perature with the recoveries of the magnitudes of the ultra-
sounds. This hardening might be attributed to the formation
of the single domain state even in zero magnetic field. The
origin of this zero-field hardening is not clear at present, and
further studies should be performed for the elucidation.

B. Compression moduli

The experimental results in the shear moduli described
above revealed that the dominant mechanism of the observed
elastic anomalies in GeCo2O4 is the exchange-striction effect
expressed by Eq. �3�. Next, we study further in detail the
anisotropy of the exchange interactions acting on the AF
transition by investigating the compression moduli with the
longitudinal ultrasounds. In the exchange-striction mecha-

nism, the longitudinal sound wave exhibits a more direc-
tional feature than that of the transverse sound wave. When a
sound wave with polarization u and propagation k is given
by u=u0 exp�i�k ·r−�t��, where u0 and � are amplitude and
frequency, respectively, the exchange striction in Eq. �3� is
rewritten as21

Hexs = �
i

 dJ

d�
· u��k · ���Si · Si+��ei�k·Ri−�t�. �4�

The longitudinal sound wave, therefore, strongly couples to
the exchange interactions acting in the direction parallel to
the sound propagation k and polarization u, k �� and u ��.

Figure 6 depicts the temperature dependence of the longi-
tudinal ultrasound velocities with the propagations k � �100�,
k � �110�, and k � �111� in zero magnetic field. All the com-
pression moduli exhibit steep softening from 	35 K down
to TN due to the exchange-striction effect. Among these elas-
tic moduli, the magnitude of the anomalous variation in
k � �111� is the largest, indicative of the strongest contribution
of the exchange interactions acting in the �111� direction to
the AF transition. This anisotropy of the exchange-striction
effect in the paramagnetic state near TN is consistent with the
AF structure with the wave vector q � �111� determined by
the neutron-scattering experiments.11 As pointed out in Ref.
11, the formation of the AF structure with q � �111� despite
the positive value of the Weiss temperature, �W�0, sug-
gests the magnetic frustration due to competition among sev-
eral FM and AF interactions. The present results of the com-
pression moduli in the paramagnetic state near TN strongly
support the possibility of such a bond frustration in
GeCo2O4. We discuss the origin of the bond frustration in
Sec. III C. In the AF state, the compression moduli exhibit
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FIG. 6. �Color online� Relative change in the longitudinal ultra-
sound velocity vl as a function of temperature with H=0 in
k � �100�, k � �110�, and k � �111�. Inset picture shows k directions of
each mode in the B-site pyrochlore lattice.
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weak or almost no temperature dependence with the en-
hanced attenuation of the ultrasound signals. As already
pointed out in the shear moduli in Sec. III A, these behaviors
would be attributed to the stress effect on the magnetic do-
main walls.

C. Spin state of Co2+ and magnetic frustration in GeCo2O4

Here, we would like to discuss the spin state of Co2+ and
magnetic frustration in GeCo2O4 from the elastic properties
revealed by the present study. As depicted in Figs. 1�b� and
1�c�, the Co2+ on the octahedral B site contains the orbital
degrees of freedom regardless of the spin state: threefold-
degenerate t2g orbitals in the high-spin state �S=3 /2� and
twofold-degenerate eg orbitals in the low-spin state �S
=1 /2�. In the present experiments, however, the absence of
softening in the tetragonal shear modulus

�C11−C12�
2 in the

paramagnetic state �Fig. 3� excludes the possible JT-active
mechanism in the cubic-to-tetragonal structural transition at
TN. Instead, as shown in Fig. 4,

�C11−C12�
2 and C44 exhibit the

diplike anomalies in the vicinity of TN which are relevant to
the AF transition. We conclude, therefore, that the cubic-to-
tetragonal structural distortion is driven by the AF ordering.

The diplike anomalies not only in
�C11−C12�

2 with Eg sym-
metry but also in C44 with T2g symmetry indicate that both eg
and t2g orbitals of the Co2+ participate in the exchange inter-
actions. Comparing the high-spin state in Fig. 1�b� and the
low-spin state in Fig. 1�c�, both t2g and eg orbitals can par-
ticipate in the exchange interactions in the high-spin state,
whereas only the eg orbitals can participate in the low-spin
state. The diplike anomalies in the shear moduli, therefore,
lead to the conclusion that the Co2+ in GeCo2O4 adopts the
high-spin state, in agreement with the magnetic susceptibility
measurements in Ref. 9. Another salient anomaly of the steep
softening observed only in C44 below 	30 K down to TN
�Fig. 4� robustly supports this conclusion. Such an anomaly
in C44 suggests the presence of magnetic fluctuation sensitive
to the trigonal lattice deformation with T2g symmetry. The
steep softening only in C44 indicates that the exchange inter-
actions via t2g orbitals dominate the magnetic fluctuation.
Such a magnetic fluctuation can be realized in the network of
the high-spin Co2+ with t2g-orbital degeneracy.

On the basis of the high-spin Co2+ concluded above, we
next discuss the magnetic frustration in GeCo2O4. The JT
inactivity in

�C11−C12�
2 despite the presence of the orbital de-

grees of freedom indicates that, as understood from Eq. �2�,
the orbital-orbital interaction � is much stronger than the JT
coupling EJT, ��EJT. Furthermore, the steep softening of
C44 in the paramagnetic state near TN indicates that the
t2g-t2g exchange interactions play a significant role in the
magnetic fluctuation near TN. According to the Goodenough-
Anderson-Kanamori �GAK� rules, the presence of a hole in
the t2g orbitals in Co2+ gives rise to the direct FM interaction
between the nearest-neighbor Co2+ ions.22 This FM interac-
tion is strong and consistent with the positive Weiss tempera-
ture, �W�0, in GeCo2O4. The anisotropy of the elastic
anomaly in the compression moduli shown in Fig. 6, how-
ever, strongly suggests the presence of the bond frustration.
The GAK rules tell us that the bond frustration in GeCo2O4

arises from the competition among direct FM interaction,
third-neighbor AF interaction, and sixth-neighbor AF inter-
action, as pointed out in Ref. 11.

The question is why the strong direct FM interaction com-
petes with the weak distant-neighbor AF interactions. The
most probable answer from the present study is the presence
of geometrical orbital frustration in the paramagnetic state in
GeCo2O4. In the t2g-orbital degenerate system, Kugel-
Khomskii-type �KK-type� ferromagnetic interaction18,23–26

can be more emphasized since partially filled t2g orbitals
have greater degeneracy and weaker JT coupling compared
to the eg orbitals. The JT inactivity with ��EJT in Eq. �2�
strongly suggests the dominant contribution of the orbital-
orbital interaction. It is possible, therefore, that a FM transi-
tion with orbital ordering occurs in GeCo2O4 through the KK
interaction. However, GeCo2O4 exhibits the AF transition,
and, as depicted in Fig. 7�a�, the tetragonal elongation below
TN quenches the t2g-orbital degeneracy. Thus the possibility
of the orbital ordering is ruled out in GeCo2O4. Instead, the
tetragonal elongation shown in Fig. 7�a� can release the geo-
metrical orbital frustration in this compound. Figure 7�b�
shows the schematic picture of the t2g-orbital frustration in
the Co2+ tetrahedron. When a single hole in t2g orbitals is
aligned alternately in three Co2+ sites of the tetrahedron by
the KK interaction, a fourth Co2+ site experiences the geo-
metrical frustration for the hole �orbital� arrangement. This
situation disturbs the occurrence of the orbital ordering. On
the other hand, the quenching of the orbital degeneracy by
the tetragonal elongation releases the orbital frustration. The
magnetic fluctuation near TN, where t2g orbitals dominantly
contribute, is probably a precursor to the release of the or-
bital frustration. It is noted that this AF transition with the
tetragonal elongation is another kind of phase transition
driven by the orbital degeneracy which is different from the
cooperative JT distortion and the orbital ordering.

dxy dyz dzx

t2g

(a)

Tetragonal (c > a)

eg

t2g

Cubic

(b)

FIG. 7. �Color online� �a� Crystal-field splitting by cubic-to-
tetragonal structural transition with c�a in the Co2+�3d7�. �b� Geo-
metrical orbital frustration of the direct FM �Kugel-Khomskii-type�
interaction between the t2g orbitals in the Co2+ tetrahedron.
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IV. SUMMARY

To summarize, we performed ultrasound velocity mea-
surements in single crystals of GeCo2O4 in shear and com-
pression modes. The shear moduli reveal JT inactivity de-
spite the presence of t2g-orbital degeneracy in the high-spin
Co2+ ions. The compression moduli show anisotropic elastic
anomalies near TN, suggesting the presence of bond frustra-
tion due to the competition among direct FM and distant-
neighbor AF interactions. The most probable origin of the
bond frustration with the JT inactivity in GeCo2O4 is the
presence of geometrical orbital frustration, which can be re-

alized in the pyrochlore lattice formed by JT ions with
threefold-degenerate t2g orbitals. The cubic-to-tetragonal
elongation by AF ordering releases the orbital frustration by
quenching the orbital degeneracy. Further experimental and
theoretical efforts are necessary for the verification of the
orbital frustration in GeCo2O4.
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